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Constrained convex programming

® Convex programs:
minimize fy(0)

subjectto fi(0) <0, i=1,...,m, M
hi(0) =0, i=1,....p
where fy, ..., f, are convex, and hy, ..., h, are affine.

® Feasible set
O={0cRY:F(0)<0,i=1,....m, hi(d) =0,i=1,...,p},

which is convex.
® Domain

D= ( ﬁ dom(f;)) N ( ﬁ dom(h,)),
i=0 i=1

often simply taken as RY.
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Lagrange duality

Definition. Given optimization problem (1), its Lagrangian is the function
L:D xR" x RP — R defined by

p
L(O,\, v) = o0 +Z)\f )+ > vhi(0). (2)
i=1

The )\, v; are called Lagrange multipliers.
The Lagrange dual function is the function g : R™ x RP — R U {—o0} defined by

g\ v) = eiengL(H,A, V). (3)
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Minimax Formulation of Lagrangian Duality

Forany 6 € D,

sup L(O,\v) =

fo(0), 0O feasible,
A>0,v€RP

+o00, 0 infeasible.

Therefore, the primal problem can be written as

minfy(f) =min sup L(8,\v).
0cO O( ) 0eD )\ZO,VER" ( )

By exchanging the order of optimization, we also obtain the dual problem

sup inf L(A,\,v) = sup g\ v).
A>0,veRp 0€D A>0,vERP
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Convexity of the primal formulation

For any fixed (A, v) with A > 0,

p
LB, )\, v) = fo(H +Z>\f )+ wihi(6)
i=1

is convex in 0, since fy, ..., f,, are convex, h; are affine, and \; > 0. The nonnegative
coefficients linear combination of convex and affine functions is still convex.
Therefore,
¢(0) := sup L(O,\,v)
A>0,v
is also convex in f, because the pointwise supremum of convex functions is convex.
Hence

min 6(6)

0eD

is a convex optimization problem.
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Convexity of the dual formulation

For any fixed 0, L(0, A\, v) is affine in (A, v). Hence

= inf L
g\ v) elélD 0, \v)

is concave in (A, v), because the pointwise infimum of affine functions is concave.
Since the dual feasible set
{(\v): A >0, veRP}

is convex, the dual problem

sup  g(\v)
A>0,v€RP

is a concave maximization problem over a convex set which is equal to a convex
minimization problem.
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Lagrange duality

Theorem (Weak Lagrange duality). Let 6 be a feasible solution of the optimization
problem (1), meaning that f;(§) < O0fori=1,...,mandhj(f) =0fori=1,...,p. Letg
be the Lagrange dual function of (1) and A € R”, v € RP such that A > 0. Then

Q(Aa V) S f0(9>

Proof. For any # belonging to the feasible set,

P
g\, v) < L0\, v) = fo(6 +Z>\f )+ > vihi(0)
i=1

m p
SOMAO) + DY ubi0) = g(\v) < fo(6).
i=1 =
<0 =0
0
8/45
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Lagrange Dual Problem

Definition. Let g be the Lagrange dual function of the optimization problem (1). Then
the Lagrange dual of (1) is the optimization problem

maximize g(\,v)

. (4)
subjectto A > 0.

® The equivalent minimization problem

minimize  — g(\,v)
subjectto A >0

is a convex program, even if (1) is not.
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Strong Duality

Theorem. Suppose that the convex program (1) has a feasible solution 6 that
additionally satisfies f;(§) < 0, i = 1,...,m (a Slater point). Then

inf fo(f) = sup g\, v)
CSC) A>0, vERP

for its Lagrange dual (4). Moreover, if this value is finite, it is attained by a feasible
solution of the dual (4).

® Strong duality may still hold even without a Slater point, or even when (1) is not
convex. Slater’s condition simply provides one powerful sufficient condition.
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Zero duality gap

Definition (Zero duality gap). Let 0* be feasible for the primal (1) and (A\*, v*)
feasible for the Lagrange dual (4). The primal and dual solutions 6* and (\*, v*) are
said to have zero duality gap if

fo(67) = g(A", v7).
Zero duality gap is a certificate for strong duality:

inf fo(0) < fo(0") =g(A\",v") < sup  g(Av).
6cO A>0, vERP
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Zero Duality Gap and Its Consequences

If 0* and (\*, v*) have zero duality gap, then we have the chain of (in)equalities:

fo(6%) = g(\*, V%)
m p

= inf (fo(0) + > N hi0) + Y wihi0))

i=1 i=1

m P
<Fp(6%) + D NF(0) + D vihi(67)

i=1 i=1

<0 -0
< fo(6%).
All inequalities must be equalities.
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Consequences from Zero Duality Gap (KKT)

Lemma (Complementary slackness). If zero duality gap holds, then
N Ffi(6*)=0, i=1,...,m.

Lemma (Vanishing Lagrangian gradient). If f; and h; are differentiable,

m p
VR(0) + > N VA(O*) + > 17 Vhi(0*) = 0.

i=1 i=1

Statistical Optimization 13/45



Outline

KKT Conditions

Statistical Optimization 14/45



KKT Conditions

Primal feasibility: fi(6°) <0, i=1,...,m, hj(6*) =0, j=1,...,p,
Dual feasibility: A >0, i=1,...,m,
Complementary slackness: \'f;(6*) =0, i=1,...,m,
m P
Stationarity: Vo (6%) + Z A VFi(6%) + Z v Vh;(6*) = 0.
i=1 j=1
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Global optimality, zero duality gap, and KKT

® Weak duality always holds:
g\, v) < f(0).
® Strong duality = KKT if the primal and dual optima are attained and all f;, h; are
differentiable.

¢ Global optimality = KKT requires a constraint qualification (e.g. LICQ); convexity
is not needed.

¢ KKT = global minimum + zero duality gap requires convexity: fy, ..., f,, convex
and hy, ..., hp affine.

¢ Under convexity + strong duality,

global optimality <= zerodualitygap <= KKT.
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KKT necessary conditions (zero duality gap)

Theorem. Let 6* be feasible for the primal problem (1), and let (A\*, v*) be feasible for
the dual problem (4). Assume that all f; and h; are differentiable. If zero duality gap
holds with

fO(Q*) - g()‘*v V*)7

then (6%, \*, v*) satisfies the KKT conditions:

Primal feasibility: fi(0*) <0, i=1,...,m, hj(0*) =0, j=1,...,p,
Dual feasibility: Af >0, i=1,...,m,
Complementary slackness: )\/f;(6*) =0, i=1,...,m,
m p
Stationarity: Vio(0*) + Z N VE(0%) + Z v Vh;(0*) = 0.
i=1 j=1
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KKT necessary conditions (local minimum)

Theorem. Assume that all f; and h; in (1) are differentiable. Let 6* be a local minimum
of (1) satisfying a constraint qualification (e.g., LICQ: the gradients of the active
inequality constraints and the equality constraints at 8* are linearly independent).
Then there exist A* € R™ and v* € RP such that

Primal feasibility: fi(0*) <0, i=1,...,m, hj(0*) =0, j=1,...,p,
Dual feasibility: Af >0, i=1,...,m,

Complementary slackness: \'f;(6*) =0, i=1,...,m,

Stationarity: Vi (0) + Z)\*Vf (%) + Zu*Vh (0%) =
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Proof (Optional)

Proof. Let
10%)={ie{l,....m} : fi(0*) =0}

be the active set.
Since 0* is a local minimum of (1), it is feasible:

fi(0*) <0, h;(6*) = 0.
If there existed d € R? such that
Vi(0*)'d <0, V(0*)Td<0 (icl6?), VhO)'d=0(G=1,...,p),
then 8* + td would be feasible for all sufficiently small t > 0 and
fo(6* + td) < fp(6),

contradicting the local optimality of 6*.
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Proof (Optional)

Hence no such d exists. By Farkas’ lemma (a theorem of alternatives), there exist
A > 0forie€l(6*) and " € R such that

p
VRO + > NVAO) + Y v Vh(0*) = 0.
iel(6*) j=1
Set \f = 0fori ¢ I(6*). Then
AN>0,  MNfi(0)=0, i=1,...,m.

Together with feasibility of 6%, this gives the four KKT conditions.
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KKT sufficient conditions

Theorem (KKT sufficient conditions). Let * and (\*, v*) be feasible solutions of the
primal optimization problem (1) and its Lagrange dual (4), respectively.

Further suppose that all f; and h; in (1) are differentiable, all f; are convex, and all h;
are affine, and that

NFO*) =0, i=1,...,m, (6)

m p
VR(0) + > N VA(O*) + > 17 Vhi(0*) = 0. )

=1 i=1

Then 6* is a global minimum of the primal problem (1), and the primal and dual
problems have zero duality gap.
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Proof (1/3)

Proof. Let 0 be any feasible point. By convexity of fy,
fo(0) > fo(0%) + Vi (6%)T (6 — 6%).

Using stationary point,
Vio(0*) = Z)\*Vf (6*) — Z” Vhi(6%),
implying

fo(0) — fo(6*) > Z)\*Vfﬁ* (0 —6) — Zth )T (6 — 6%).
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Proof (2/3)

By convexity of each f;,
fi(6) 2 F(60%) + VA(8*) (6~ 0°),

hence
V(0%)T(0 - 0%) < £i(8) — fi(6%).

Since each h; is affine,
Vhi(0*) (0 — 6*) = hi(0) — h;(6%).

Therefore,
fo(8) — fo(6%) Z)\* =~ 1i(0)) = >_ v (hi(0) = hi(0)).

Statistical Optimization 23/45



Proof (3/3)

Since 6 and 6* are feasible,
fi(0) <0,  hi(0) =0,  hi(07) =0
Also, by dual feasibility and complementary slackness,
AF >0, A fi(0%) = 0.
Hence

fo(0) — fo(6%) Z)\* ) — £:(6%))

:—ZAfﬁ(9)+ozo.

Thus fy(0) > fy(0*) for every feasible 6, so 6* is primal optimal. By weak duality,
(\*,v*) is dual optimal as well.
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Strong duality + KKT < global optimality

Theorem. Suppose fy, f1,. .., fy are convex, hy, ..., hy are affine, and strong duality
holds. Let 8* be primal feasible and (A*, v*) be dual feasible. Then the following are
equivalent:

(A) 6*is primal optimal and (\*, v*) is dual optimal,
(B) fo(0%) =g(X",v7"),
(C) (0, \*,v") satisfies the KKT conditions.
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Proof

Proof. We have already proved earlier that

So it remains only to show

(A) = (B).
Assume (A) holds, namely: 6* is primal optimal and (\*, v*) is dual optimal.
Then

fo(07) =p*, g\, v") =d"

Since strong duality holds,

p*=d".
Therefore,

fo(67) = g(A*, v"),
which is exactly (B).
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Global optimality, zero duality gap, and KKT

® Weak duality always holds:
g\, v) < f(0).
® Strong duality = KKT if the primal and dual optima are attained and all f;, h; are
differentiable.

¢ Global optimality = KKT requires a constraint qualification (e.g. LICQ); convexity
is not needed.

¢ KKT = global minimum + zero duality gap requires convexity: fy, ..., f,, convex
and hy, ..., hp affine.

¢ Under convexity + strong duality,

global optimality <= zerodualitygap <= KKT.
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Applications of KKT
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Example 1: projection onto the /; ball

Consider the problem

mlanG n3 st |0 <7
9cRd 2

This is exactly the projection step in projected gradient descent for constrained
Lasso:

g, <-(n) = arg min *H — 7|3
ol <r 2

We first reformulate this problem into a smooth constrained optimization problem,
and then apply the standard KKT conditions.

Statistical Optimization 29/45



Projection keeps sign

We first claim that at the optimum, each coordinate has the same sign as 7;:

O >0, i=1,....d.

Indeed, changing the sign of §; to match »; does not change ||0||1, but can only

decrease (6; — 1;)%. So we may write
0f =sign(m)z;, 2z >0

and
07 =2, (O —m)* = (z — |m])*
Hence the projection problem becomes

d

d
1 2
min — Zi — |nj s.t. E zi<Tt, z>0.
oRE 2 ,':1( i — |nil) — i ST, i =
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KKT conditions for the smooth reformulation

Its Lagrangian is
d

d d
S+ a-1) =D v
i i=1 i=1

L(z,\v)=

N

where
A > 0, vi > 0.

The KKT conditions are:
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From the KKT conditions to soft-thresholding

Zr— ||+ X =y =0.
Case 1: z; > 0. Then complementary slackness gives

vizi =0 = v =0.

So stationarity becomes
zr = |mif — \*.

Case 2: z¥ = 0. Then stationarity gives

*

_‘nl‘_i_)\*_yl*:o > Vi =
Since v} > 0, we must have
i < A*.

Therefore,
zi = max(|n] — \*,0).
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How do we determine \*?

Since
91* = Sign(ni) 27(7

we obtain
67 = sign(n;) max(|m| — A\*,0).

So the projection has the soft-thresholding form.
To determine \*, there are two cases.

Case 1: If ||n||; < 7, thennis already feasible, so

0 =, A =0.
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How do we determine \*?

Case 2: If ||| > 7, then the constraint is active, so

Using
z = max(|ni| — A\, 0),

we get
d
Zmax(\m -\, 0) =1
i=1

Thus \* is the threshold that shrinks the coordinates just enough to make the /;
norm equal to 7.

Statistical Optimization 34/45



Example 2: Simplex projection

We consider the problem

1
min 5|6 - n|

n

s.t. 29,'*1 :0,

i=1
— <0, i=1,...,n.

The Lagrangian is

1 n n
L(9, )\,l/) = 5”9 — 17||2 +v (Z 0; — 1) — Z)\,‘@,‘.
i=1 i=1
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Simplex projection: KKT conditions

The KKT conditions are:

1. Stationarity:
Vol =0i—ni+v—X=0, i=1,...,n.

2. Primal feasibility:
n
=1, 6>0.
i=1

3. Dual feasibility:
Ai > 0.

4. Complementary slackness:
Aifi = 0.
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Simplex projection: solving the solution

From stationarity,
Oi=mni—v+ A

Now use complementary slackness:

0i>0 — \N=0 — 9,':77,'—V.

9,'20 — /\/ZV—?];ZO — 77,'§l/.

Therefore,
9,':(77,‘—1/)+, izl,...,n.

The equality constraint then gives
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Simplex projection: proposition and remark

n
A”;:{eemnze,zo,29,=1}.

i=1

Proposition. The Euclidean projection of n onto A" is
97(:(77/_7_)+7 izl)"'a”)

where 7 is the unique scalar satisfying

n

d ti—7)p =1

i=1

Remark. The solution is sparse. Complementary slackness tells us 6; = 0 whenever
n; < T without any computation.
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KL divergence

For probability vectors on A”, a natural non-Euclidean distance-like quantity is KL
divergence

Dk1(0||n) : Z@ log—
Remark. It can be derived as the Bregman divergence associated with the negative

entropy
n
6) :=> bilogh;.
i=1

Intuition. It measures how different two distributions are, and is more suitable than

the Euclidean distance when 0 represents probabilities.
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Softmax map

For any vector n € R”, define

el .
= = 0 Izl,...,n.

a Zj:l e'l

(softmax(n))

Basic properties:
* (softmax(n)), > 0 for all/,
* YL (softmax(n)), =1,
® so softmax(n) € A".
Intuition.
® The largest coordinate of 1 gets the largest weight. But the other coordinates
are not discarded completely.
¢ If one entry of iy is much larger than the others, then softmax(n) is
concentrated near that index.
® So it behaves like a smooth or softened version of arg max; ;.
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Example 3: Mirror descent on simplex

0:+1 is obtained by the non-Euclidean projection

1 .
Ot 41 = arg I mln {(gt, 0) + %DKL(QHHt)} ,  with gt := V()

where

Dkr(0])6:) = Ze log
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Equivalent form

We start from the mirror descent update

Ot11 = arg mln { gt, 0

Expand the logarithm and the objechve becomes

(gr,0) o Ze log 6; — 7<9 log 6;).

i=1
Multiplying by v+ > 0 does not change the arg min, so this is equivalent to

n
O = arg;xeliAnn {Z 0ilog 6; — (9,7]0} .
i=1

where
= log 0t — vtgt-
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Entropy regularization: Lagrangian and stationarity

OeRN

s.t. Ze,—lzo.

i=1

n

min Z Oilogb; — (0, n)
i=1
n

The Lagrangian is

n n
L(O,v) = Zt%log@,- —(0,n) +v (Zei - 1) .
i=1 i=1

The stationarity condition is
VQIL:lOgH,'—i-l—’I?,'—i-V:O, i=1,...,n.

Hence
G;=e" v, i=1,...,n.
Statistical Optimization 43/45



Entropy regularization: softmax solution

Using the constraint

we obtain
e77i

n )
2j-16"

i=1,...,n.

Therefore,
0* = softmax(n).

So, under entropy geometry, the closed-form solution is no longer thresholding; it
becomes a normalized exponential map.
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Mirror descent update on A"

Applying the previous softmax formula with n = 7, we get
O¢11 = softmax(ny).

Equivalently,
(Qt)ie*%(gr)i

(Besa)i = Zle(et)je*%(gf)/’

i=1,...,n.

Remark. These two examples illustrate the power of the Lagrangian formulation: it
often leads to many closed-form update rules.
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